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Three massless limits of the Dirac-Kahler theory are considered. It is shown that the Dirac- 
Kahler equation for massive particles can be represented as a result of the gauge-invariant mixture 
(topological interaction) of the above massless fields. 



I. INTRODUCTION 



In the 1980's, it was shown in [1] with the use of differential forms apparatus that the the Dirac-Kahler equation 
(DKE) is correct in describing Dirac particles (quarks) in the lattice formulation of QCD. After that the DKE has 
- - ■ become to attract attention of many theorists. Note that the name "Dirac-Kahler equation" was introduced in [1] 
^—^ . although the vector form of the DKE was discovered by Darwin [2] . His aim was to find an equation of motion of 
' an electron that would be equivalent to the Dirac equation but without using spinors. Fundamental properties of the 
DKE were established by Kahler [3] . Later on, the DKE has been rediscovered in different mathematical formulations 
^ ' (see, e.g., ref. [4, pp. 38, 51] and references therein). 

^ One should emphasize that up to now only massive DKE have been studied. The massless limit of the DKE has 

1—^ ' not been investigated in detail yet. The present paper is aimed at making up such a deficiency. 

II. THE DIRAC-KAHLER EQUATION 

The DKE is equivalent to the following tensor system 

df.i'fj, + mipo = 0, (la) 
d^^^ + imjjo ^ 0, (lb) 
Si/V'l/ii/] + dfj^ipo + mipf_, = 0, (Ic) 

[ \£^uapdy'ip[a!i] + C^pV'O + = 0, (Id) 

O . -SpVi^ + dui^ti + £iivaf}da^i3 + mip[^^-\ = 0, (le) 

'nT ■ 

. where i^fj, — £fii^ai3''P[uai3] is an axial vector, ■f/^o = £fM^ai3'4'[tJ.uai3] is a pseudoscalar, and e^j^uap is the Levi-Civita 

tensor (£1234 = — «)• 
, The set of equations (H]) can be brought to the following form 

(r^a^ -f m) * = 0, (2) 

• i-H where ^' is the 16-component wave function 

X 

consisting of the Dirac-Kahler (DK) field components which form the full set of antisymmetric tensor fields in the 
space of dimension d — A. The 16 x 16 matrices satisfy the anticommutation rules analogous to these for the Dirac 
matrices 

F^F, + F,F^ =2 ,5^,. (4) 

In respect to the theory of rclativistic wave equations, the system of the DKE describes a particle with a single 
mass TO, variable spin or 1, and with double degeneration of states over an additional quantum number (internal 
parity). At the same time, the Lagrangian of the DK field is invariant under a transformation of the group of internal 
(dial) symmetry SO (4, 2) [4, pp. 28, 35]. Group generators have the following form 

r; , rj^r'^j, f^^f;, f^ . (5) 
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Here T'^ is second set of 16 x 16 matrices satisfying the Dirac matrix algebra and commuting with F^. The above 
properties of the symmetry are easily checked if one takes into account that in the so-caUed fermion basis (see, e.g., 
the book [4, p. 72]) the matrices and F^ can be written as 

F^ = /4 7m > = 7^ h, (6) 

where 7^ are the Dirac matrices, I4 is the unit 4 by 4 matrix. 

Internal (" dial" ) symmetry transformations relate with each other tensors of different ranks. Thereby, the theoretical 
group ground is established for association of a Dirac particle with the DK field. This particle ("geometric fermion") 
in addition to the spin i has its inner degrees of freedom which are of space-time origin. For instance, if one turns on 
electromagnetic interaction in the standard way, i.e. by the replacement 9^ — > 9^ — ieA^ (A^ is an electromagnetic 
potential) then the DKE will have solutions equivalent to these for the Dirac equation because the matrices in both 
equations have the same algebraic properties. 

Since we are going to study massless limits of the DKE it is convenient to transform the system ([T]) to another form 
replacing the common mass m by two new mass parameters, namely a parameter rrii in (jlap . (jlbp and (jlep . and a 
parameter 1712 in ([Tc)) and (|ld[) . One has the new system 

df_,ipf_, + mi^Ao = 0, (7a) 
a^V-p + "iiV-o = 0, (7b) 
d^i-'ltj.u] + S^V'o + rn2ipf^ = 0, (7c) 

^eMi/Q09^'0[a/3] + df,^po + m2'0^ = 0, (7d) 

-d^t/j^ + d^i>f_, + e^^a/jdaipfj + miTpi^^] = 0. (7e) 

Matrix form of this system is as follows 

(F^ + mi Pi + m2 P2) * = 0, (8) 
where Pi and P2 are the projection operators with the properties 



P^=Pl, Pi=P2, Pl+P2 = l, PlP2=0, 

PiT^ + F^Fi = F^, FaF^ + F^Pa - F^. 



(9) 



A second order equation equivalent to the system ([7]) is 

(□-mima) tpA^O. (10) 

This means that the system ([7]) at toi 7^ and m2 7^ describes a particle with a single mass m — y/mim2, i.e. it 
does not differ from the usual DKE. But if any of the mass parameters (or both simultaneously) is equal to zero then 
the system ([7]) and the equation (|5]) correspond to the massless case. We proceed now to the study of this important 
case. 



III. "ELECTROMAGNETIC" MASSLESS LIMIT 

Let us suppose in ([7]) and ^ that 

m2=0. (11) 
If mi 7^ 0, then without loosing of generality one can put mi = 1 so that the system ([7]) is now 

S^V-A. + ^0 = 0, (12a) 

+ V^o = 0, (12b) 

d„ip[f,^] + df.tpo = 0, (12c) 

^£tJ.ual3d^^lj[ai3] + d^ipo = 0, (12d) 

-d^i^,, + d^ipf_, + e^^apdai^p + ■>p[^^] = 0, (12e) 
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and correspondingly 

(r^9p + Pi) * = 0. (13) 

Note that the transition to the massless hmit by means of introduction of projective operators into ([2]) is a typical 
procedure for fields with integer spins. For example, it is carried out when one wants to pass on to massless vector 
field (i.e. electromagnetic field) from the massive Duffin-Kemmer equation. 

In order to establish the physical meaning of the system ([T^. we note, first of all, that the field functions '^a obey 
the D'Alembert equation 

a^A = 0, (14) 

i.e. this system describes a massless field. The vector iljf_i{x) and the pseudovector ^^^(x) play role of potentials in (|12l) . 
and the antisymmetric tensor iplt^i^] is an intensity tensor. Physical meaning of the scalar, ipQ{x), and pseudoscalar, 
ipo{x), functions will be clarified later on. 

The system (jl2[) is invariant under gauge transformations of the potentials 

(x) = 9^A(x), S4>^{x) = d^X{x), (15) 

where X{x) and X{x) satisfy the following conditions 

□ A(a;) =0, □ X{x) = 0. (16) 

To find independent physical states of the field system under consideration, we perform the Fourier transformation 

(17a) 
(17b) 
(17c) 
(17d) 

p^, with properties [1] 

=(»)p(j) — X. . p(j)„ — p(')„ — 



0^ {x) = 


j 0P 


{p) e'P'^d^p + h.c, 


V'm (a;) = 




{p) e'P-' Sp + h.c, 


tpo {x) = 


j ^0 


{p) e'P'^d^p + h.c., 


■00 {x) = 


j ^0 


(p) eP"" (fp + h.C. 


and (p) 


over 


the complete basis e^^-* 



5^ = 0, 1.^ 



Pu = 0, n2=-l. (18) 



Note that the basis is not orthogonal because it contains an isotropic vector p^. The desired decompositions can 
be written as 

0M {p} = ^1^1^ + ^Pa' + cn^ , 

'V (19) 



i=l 



Now let us take into account that due to the gauge functions X{x) and X{x) have the form analogous to (|17cp 
and (|17d|) 

A (x) = /A (p) e^P^d^p.^;^^^^ 

(20) 

A (x) = /A (p) e'P^'d^p + h.c, 

where A (p) and A (p) are arbitrary amplitudes. Inserting decompositions (|17ap - (|17dl) in (jl5p we obtain gauge 
transformations for the amplitudes of the potentials 

^^t^ (p) = *A (p) p^, 

(21) 

'5'0A< (p) = iA (p) P;,, 
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which mean that the amphtudes il'tJ-ip) ^^'^ '^t^ (p) defined up to unessential terms iX (pj and i\ (p) p^, 
respectively. Role of such terms in the decompositions (jl9p play and Omitting them we obtain for the 

amplitudes ^'/^(p) and i/Jh {p) 

2 ,., 

(e) = S e},'-^ + c n^^ , 

' = 1 ^ (22) 

i = 1 

Note that longitudinal oscillations (degrees of freedom) are absent in (1^ . 

Scalar degrees of freedom are eliminated at the second quantization procedure when the equations (|12a[) and (jl2bp 
for quantized field are formulated in the form of conditions imposed on wave functions 'i'phys in the state space 

(^9,,Vi^(x) + ■00 (a;)) "bphys = 0, 

(23) 

where the index " + " means that the corresponding operator contains the positive-frequency part only. Keeping in 
mind the relations pT|) . ^TE\\ and (1^^ we obtain from 



where 



(24) 



d=t^, (25) 



play a role of the amplitudes of the scalar fields tpo and ?/'o- It is follows from ^M^ that for all p, the function 'i'phys 
has to satisfy the following conditions 

- c) ^phys = 0, c) ^phys = 0, (26) 

A standard procedure used to eliminate longitudinal and scalar oscillations at quantization of electromagnetic field 
[6, pp. 56, 68] leads to relations Q 

{^phys, (d+d + C+tj ^p/iys) = 0, 

(27) 

(^'i'phys, {d+ d + C+ 'i'phys^ = 0. 

Due to (|27l) the mean values disappear in the part of the energy operator that contains scalar oscillations of both 
types. Therefore, the system describes a massless vector field with double degeneration of states. A special 
case of such a field is the usual electromagnetic field. As is follows from the previous analysis, there are no physical 
states corresponding to the scalar and pseudoscalar functions 'ipo{x) and ipo{x). These functions serve as gauge fields 
("ghosts"). 



IV. NOTOPH (KALB-RAMOND FIELD) 



Let us consider the following case of the system ([7]) : 

mi = 0, 7712 = 1- 



(28) 
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In this case one has for (O 





9^ V'p = 0, 


(29a) 




d^, -0,, = 0, 


(29b) 




+ 9^ -00 + V'^i = 0, 


(29c) 


S fj. a 13 d„ Via /3] 


+ 9^ ^/'o + = 0' 


(29d) 






(29e) 



Here "00: V'o and '(/'[/ji/] serve as potentials and the vectors ■0^ and V'/i serve as intensities. The equations (|29cp and 
(j29dp are definitions of intensities via potentials and the equations (I29ap . (I29b|) . and (|29ep are equations of motion. 
The matrix form of the system ((29|) is 

(r^ + F2) * = 0. (30) 

Using cither tensor or matrix formulation of the field system under consideration, one can easily show that all 
components of the wave function obey the D'Alcmbert equation i.e. again we deal with the massless field. 
Further discussion becomes to be more convenient if one introduces an auxiliary tensor 

= -j^Spiuapi' [aP] ■ (31) 



One has for ((29d)) 



This equation will be used below together with (|29d|) . 

In order to pass on to the momentum representation, we write down the scalar potentials in form of (|17cp . (|17dp 
and tensor potentials in the following form 



i'lt^.u] (x) = JiPit,^] (p) e'P'' (Pp+h.c. 
We expand now the amplitudes [^i u] {p) and ip {p) over the complete basis 

2 



(33) 



i= 1 
2 



+ e (p^ - p^n^) , (34a) 
2 



i= 1 
2 



1=1 

+ e (p^ - n^) . (34b) 

Further we take into account that the system (j29p is invariant at the gauge transformations 

(5 -0 ^] (x) = (x) - du [x) + 

+ St^i^afidaXfj (x) , (35) 
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where the gauge finctions A^(x) and A^(x) satisfy the conditions 

□A,, - d^dAu = 0, DA^ - d,,d,K - 0. (36) 
Keeping in mind the symmetry between the tensors "0 and '0 one can replace p5p by 

5 V [/^i.] (a^) = K {x) - 9^ A^ (a;) , 

(37) 

^ {^) = (2^) ~ V (^) ' 

where A^ (a;) and A^ (a;) still satisfy As in the case of the equation (|14l) . the solutions of ([5^ are superpositions 
of the plane waves 



A^ {x) = y A^ {p} e'P^d^'p + h.c, (38) 
A^ (x) = /a^ (p) e'^^<fp + h.c., (39) 



with the only difference is that now the amplitudes A^ (p) and A^ (p) being expanded over the basis (jl8p have the 
structure 

2 

V (p) = E + , 

V (p) = E + /3p,,, 

i = 1 

which does not contain terms with (due to terms di, A^ (x) and 9^ 9^ A,y {x) in ([36])). Inserting ((33)) and ((38)) - 
(I40p in p7p we obtain the following form of the gauge transformations for the potentials ipi^u] 4'[iiv] 



i = i ^ ^ 
i = 1 ^ ^ 



(41) 



The expressions (|4ip show that terms containing and in p4ap and ((34bp are inessential. Therefore, one can 
eliminate them by an appropriate choice of the parameters and oii (a^ = —i gi and oii = —igi), i.e. if one puts 

'lp[23]^'>P[31]^'4'[23]^1P[3 1]=0- (42) 

Using the definition (|3ip for the tensor tp and a relation following from this definition 
we obtain from ((1^ 

^[14] = V'[24] = '0[14] = '/'[24] = 0. (44) 

As a result, the decompositions p4ap and ((34bp take the form 

i^lfi^] {p) = f {e\!^e'i^^ - el-^'e|f^) + e (p^n^ - p^n^) , ^^^^ 

The expressions ()45p show that the tensor-potential "0 contains only two independent components either corre- 
sponding to the state of the massless spin-1 field with the longitudinal polarization. In the literature, such a field is 
known as "notoph" [5| or "Kalb-Ramond field" Because the system ((^^ contains also the potentials ipoix) and 
■00 (x), we conclude that this system (or matrix equation ((30p that is equivalent to it) describes the Kalb-Ramond 
field and the massless scalar field with a doubled set of states degenerated over an additional quantum number. 

The massless field systems ((T^ and ([23]) like the DKE for a massive particle have an internal symmetry. Making 
the use of the matrix form of these systems ((T5)) and ((501 and explicit form of the matrices F^, F^, Pi, and P2 one 
can show that the system symmetry narrows up to the group SO {3, 1) of which generators are determined by the 
matrices FjT'^j and T'^T'^. 
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V. MASSLESS "FERMION" LIMIT 



The DKE is an equation describing a free massive Dirac particle with mass m. Therefore, a natural way to pass 
on to the massless limit in ([7]) is to put there mi = TO2 = 0. We will denote such a transition as "fermion" limit. As 
applied to the system of the tensor equations (O, this transition leads the systems 

du-iplfiu] + 9^V'o = 0, (46a) 

^ I' a /3 [a /3] + 9^^0=0, (46b) 

= 0, (46c) 

= 0, (46d) 

-dfj^ijji, + dyip^ + Sf^^apdaipp =0. (46e) 

This system disintegrates over the Lorenz group into the two subsystems (j46ap . (j46bl) and (j46cp - (l46e[) . 

It is evident that each of these subsystems can be written down in a matrix form with field functions U (x) and 
V (x) composed from tAqj "00, ^^'-^ respectively. In addition, if relatively to the Lorenz group, the 

function U{x) is transformed as a direct sum T of presentations for a bivector, a scalar, and a pseudoscalar then an 
equation for U{x) is transformed as a direct sum R of presentations for a vector and a pseudovector. For the function 
V{x) and an equation for it the presentations T and R are interchanged. This means that for each of the subsystems 



(|46ap . (|46bp and (|46cp - (|46ep taken separately, a massless analog is absent (a field function for a massive equation and 
the equation itself are transformed over the same presentation of the Lorenz group). Therefore, only bilinear forms 
like U {x) (3^ V {x) and V {x) (3fj_ U [x) are Lorenz-invariant. Here (3^ are 8 by 8 matrices of equations for U (x) 
and V{x). Thus, although the subsystems (|46al) . (|46bp and (j46cD - (j46ep are independent algebraically the Lagrangian 
formulation for them is impossible. The requirements of the Lagrangian formulation of a theory and existence of 
its massive analog lead to the need for combined consideration of the subsystems (j46al) . (j46bl) and (I46cp - (|46el) . This 
circumstance is of crucial importance because the energy-momentum density turns out to be zero for such a massless 
system. 

Indeed, the Lagrangian for the system (j46l) can be written as 

L = - ip^j.d^^o - ^-0 [d^ip^ - d^ijf,) + 

+ 4'^J.^^^po + ^ef,l,a|3i'[^, u] da V'/?- (47) 
Inserting (1471) in the expression for the energy-momentum 



= s ^-S^.L, (48) 



using further the obtained formula and equations (1461) and keeping in mind that terms like full divergency can be 
omitted, one finally has 

T,,. = 0. (49) 

Hence, the fermion massless limit of the DKE treated as equations describing a classical boson field (a particle with 
variable spin 0,1) leads to zero energy-momentum density. 



VI. GAUGE-INVARIANT MIXING OF MASSLESS FIELDS 

In papers Q a non-Higgs mechanism to generate masses was proposed. The method relies on gauge-invariant 
mixing (the topological interaction) an electromagnetic field and a massless vector field with the zero helicity (the 
so-called 13 A i^-theory). The final result of that theory is the Duffin-Kemmer equation for a massive spin-1 particle. 

Such an approach is very important for the string theory (see [lol - [l3l | and references there in). It is, therefore, 
important to generalize this approach for the case of massless systems of the DK type involving the complete set of 
antisymmetric tensor fields in the space with dimension d = 4. 



8 



At first, we will proceed from the matrix formulation (jl3p and pOI) of the systems (jl2p and (P^ . We replace the 
notation 4' in by $, </3o, <^0: fi-n 'ffj., f[nu\- Now the Lagrangian of the matrix equations (fT5|) and (IHH]) takes the 
form 

io = (r^a^ + Fi) $ - ^ [T^ d^ + P2) * , (50) 

where ^ ^+TiV^, = r4 We add now to a term 

Lint = -m'WP2'^ -m'^ Pi^, (51) 

which does not destroy the gauge invariance of the Lagrangian ((50)) relatively to transformations (fTS)) . (IT6l) . (1351) . and 
pop . One can obtain then the following matrix equations from the total Lagrangian L = Lq + ^mt 

r^9^$ + Pi$ + mP2* = 0, (52) 

rpa^«' + P2^' + "iPi$ = 0. (53) 

Multiplying (15^ from the left by the matrix Pi and using relations (jH]), we obtain an equation 

r^a^Pi$ + mP2* = 0. (54) 

Analogously, multiplying (|53l) from the left by the matrix Pi one has 

rp9^P2* + mPi$ = 0. (55) 

If one puts together ([M]) and ([55]) and introduces a notation 

*' = Pi$ + P2* = ((^0, <;5o, V-M' V'm' '/'[A'i^]). (56) 
one arrives at the following equation 

(r^9^ + m) = 0, (57) 

that ut to the notation of the components of the wave function coincides with the DKE ^ and ^ . 

Therefore, the DKE for massive particles can be represented as a result of a gauge-invariant mixture of two massless 
systems, namely dial symmetric generalizations of electromagnetic field and the Kalb-Ramond field (notoph). All 
known in the literature constructions of the analogous mechanism for tensor fields (an abelian case) of different ranks 
in the d = A space are particular cases of the considered approach. 

Now let us consider the tensor field system (46) together with another system of the same kind 

du'flt.v] + d^ipQ = 0, 
'^e ^11^ a i3d„ip[a f}] + d^ipa = 0, 

= 0, (58) 

-df^ip„ + di,ip^_, + e^„af}da(pi3 = 0. 

The Lagrangian of these systems takes the structure 

Lo = Loi + L02, (59) 

where Lagrangians Lqi and L02 have the form (|T7)) . The topological interaction of both systems can be described by 
the Lagrangian 



+ d(ff,Tjj^ + eip[^^]ij[f, ^{j . (60) 



From the total Lagrangian L = Lq + Lint one can obtain the fohowing equations 

<9p<y5p + amipo = 0, 
df_,ip^ ~ bmipo = 0, 
d„(P[f_,„] + df_,ipo - cm^pf_, = 0, 

^£t^iyapd^(p[af3] + df_,<^Q + drm(}^ = 0, 
-d^ipi, + d^ip^ + ef_,i,apda(p0 + 2eTO?/'[^ ^] = 0, 

^iz-^M + amipa = 0, 

Si/V'ImH + ^/^V'o - cmipf_, = 0, 

^£^i.a^)9,.i/'[a/J] + + drriLp^ = 0, 

-d^.i'y + d^ip^ + Sf^uapdai'p + 2em(p[^^] = 0. 

Then we can make transition from the equations to the two systems 

9^Ap + amAo = 0, 
9^A^, - &toAo = 0, 
+ df^Ao - ctoA^ = 0, 

^£/^ I. a /3i9i/ A[„ + 5^Ao + dmAf_, = 0, 

-df^A^ + d^A^ + e^uapda'Ap + 2emA[^ = 



where 



d^fl^ + bmflo = 0, 
dM[f_i,y] + df,Qo + cmQf, = 0, 

I' Q /39,yri[Q /3] + df^Clo ~ dmVL^ — 0, 



Aq fySo + ^_o, Ao = (^o + ^o, Ap = + t/-^,, 

A^ = + -0^, A[^ = + ,y] , 



In the case of choosing 



1, 



-1, 



'^2 



we obtain two types of the DKE. 

The matrix form of the Lagrangian of the equations (46) and 



IS 



We add to (l66l) the term 



As a result, we obtain the matrix equations 
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r^^p* + = 0, (68) 
Tf^d^^ + m$ = 0. (69) 



Putting together (j68l) and and introducing the notation 

A^^ + f, n^<i>-^, (70) 



one arrives at the equations 



(r^a^ + m) A = 0, (71) 
(r^5^ -m)n^O, (72) 

which are the matrix analogs of the tensor systems 

VII. CONCLUSION 

We have investigated there massless limits of the DKE. It is shown that first of the limits leads to a two-potential for- 
mulation of the electrodynamics in the Feynman gauge. Second one gives a generalized description of the Ogievetsky- 
Polubarinov notoph. Third limit corresponds to the massless field with zero energy density. The method to generate 
masses through the gauge-invariant mixing (the topological interaction) of massless fields {B A _F-theory) is gener- 
alized for the case of above massless systems of the DK type. As a result, the DKE of two types for particles with 
masses are found. One of thes e eq uations after quantization can obey Bose-Einstein statistics and second one can 
obey Dirac- Fermi statistics [3, llSj ]. This means that from the topological interaction of the massless DK fields we 
can proceed to the tensor and Dirac fields with masses. 
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